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[Statement of the theory for a single differential equation of the first order.] 


(Feb. 18t, 1836.) 
[1.] Let the following be any proposed or original ordinary differential equation of the 
first order: 


(1) Of (, Oy |: Say vin, Bey Bes Bes e WU 

in which 
, aa, , dx, , dt, 

(2) od tae Pe Tee eee qm 
If » — 1, the equation is simply 

(3) 0—f (x, 2,, 21), 
and then it has always an integral of the form 

(4) 0 F (a, a,, v, 24), 


a, being the value of x, which corresponds to the value a of x. But if n> 1, the one original 
differential equation (1) is not in general sufficient to determine the forms of the two or more 
functions 2, ..., z,; however it will still conduct in general to what I call the principal integral 
relation between those functions and their initial values, of the form 

(5) 0s FP (à, Gi L4, WES, Y), 
provided that we combine it with the following n—1 principal supplementary differential 
equations of the second order: 


of d of d òf 
(6) òx, dex Say | Ox, dam, 
D mem A77. 
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assigned by the Calculus of Variations. Since these supplementary equations enable us to 
choose A so that 


y d[. f ad ) 
(7) a= a as). ae T1 4l 


we see that if we multiply by A, thus chosen, the variation of the original differential equation (1), 
namely 


of... of of of of 
(8) d? mid har. Ta M Ux ba ntg ; 8x4 Sa ;9z,, 
in which 
* Lu. f , Fo, of on 
(9) 08st Ba, bon a gr rtr e 
we shall get 
(10) 0z E i) (82, — 2182) +.. «( ea) (da, — a, 82) 
tact (8a; — xi ðr) +... +À of ; (8x), — xp daz) 
21 1 1 Sa; , 
; ; , sA d d 
in which 82; = 3 val hay, vi i; 9* and therefore 
(11) òx; — win = 4 (8a; — x, 8x) = (8, — 2,52)’. 
Hence 
an ta SE F ait of TM 
(12) 0-A Ass (82, gibe) +.. HAST 7 (Bu, —x) 02); 
A ; 
that is, 
(13) m MES (8v, — xi 2 ; (x, —2 2 


og (ti —a40a) 4 .. Zur x ; (Ban —a 22 


if we denote by A, and f, the final, and by A, and f, the gs values of A and f. 


Comparing the equation (13), which is the integral of the variation of the original differential 
equation (1), with the variation of the principal integral relation (5), namely 
_ oF oF oF OF bx oF oF x 


and observing that the coefficients of the one must be proportional to those of the other, we 
find the n final equations 


oF d x, fle oF of, 
aun a T o LU UU riui oe 


SF ( f, 9f. | 9Ff,. 
o=; = (atis e- i 5) ss 


www.rcin.org.pl 


360 XIV. CALCULUS OF PRINCIPAL RELATIONS [1, 2 


the n initial equations 


I ia (riis + tan get) e ds, 
OBERE QR NU CCS WRIT EAT OI 
bo- oF (zs... a Be) SP Me, 
90a, i ANa E A A 
and this other equation 
c ook sal) a lec) 
The » differential coefficients or derived functions 2, ..., x, can in general be eliminated be- 


tween the n+ 1 equations (1) and (15), and the result will be a partial differential equation of 
the first order and of the form | 


BF èF 
(18) 0Y 22. Su Eh a Gy nS , 
ox ba 
which the principal integral relation (5) must satisfy. In like manner, by eliminating aj, ..., &;, 
between the » equations (16) and the initial form of (1), namely 
(19) Qssf (A, 0s ing: Mia's Or: one Beads . 
we obtain this other partial differential equation to be satisfied also by (5), 
j= BAS at 
(20) 0s Y. 22: oa Q, 045 20+, An | ; 
da da 


YY being the same function as in (18). 

When the form of F is known, as well as that of f, and when both these forms are substituted 
in the equations (16), those n equations along with the principal integral relation (5) reduce 
themselves to only n distinct equations, which however are in general sufficient to determine 
the forms of the n functions 2,, ..., Xn. These n functions involve the independent variable x 
and the 2n arbitrary constants a,, ..., An, @{, ..., a, which are not however all independent, 
being connected by the relation (19) when a is given or assumed. Thus the system of n+ 1 
equations (5) and (16) is equivalent to a system of only » distinct equations and is a form for the 
complete integral, with 2n — 1 arbitrary constants, of the system of n equations (1) and (6). 


[Extension to a number of differential equations of any order.] 


[2.] More generally, iet there be a proposed differential equation: 
(21) Qf (m, wy 2,1, ny EPO, S Bee ees I, pany Big Rae 
and let it be combined with the following supplementary differential equations: 


d de) m) bh) 
(name PORTUM" fC marae A, ides IPs iir 


0- hg ds P) ne ) (7. x) xx 
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We shall then have 


(23) 0=A(Sf—f’8z)= | Graia) +. + gy Oxf) ae 8z)| 
s is Goss 
st E PAN T VOEE ; sos (Bue — -afent 0] 


à à 
=A 52 Oriara) + (à i) (8a, — 2,82) +.. tA To gc (nfo — afer Ba) 


+(—1)e+1 ( xx (8v, — 2182) 


8a (o? 
MP odo ds 
Ag ; (Baty —2,02) + T4 (8v, — 7, 82) 4- ... 
sf Bf ye» i 
wn) — alwn+]) — ]\Wntl La - : 
TAS en) Oh ant) Sar) + (— 1) ( saps) (òx, — x, da); 
in which . 
(24) Salo) — a (oi -D 83; = (8x; — v; 5x), 
Also in general 


(25) ga» + (— L)rittylod z= (yof oi7 — y'zan-9 4. "o9 — ... + ( — 1) goi7D zy'. 
Therefore 


(26) 0=A(3f—f'8z) 
- [0-b rear els] 


+ E E x E is) eet (Dt (a i -D (Br, ~ 1,50) | 


+ E AN, a E ca) giis h E) | (èx, -ajày | 


bai oxi 
Tn 

8f 8f \’ P Sf \@n- SE w f 
[nem el met 7] en 
+ &e. 


ô à j 8 i , 
+ È SEA =z bz) | Tet È em es (82, — xix) | ; 
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362 XIV. CALCULUS OF PRINCIPAL RELATIONS [2 
so that, by integration, 
(27) 0= | "A (8f — f'8z) de 


=A ke — E me) +...+(—1)*:-1 025)" | (Sa, — 2,02) 
+h Vi -( òf sa) +... (— D) (25) (B, — 2! 8x)’ 


ZA bat 


+.. +À =r (8a, — xi 0x 1-7 


+ &e. 
+ {a i - ( AE sop (= 1) E x je (8x, — 2,82) 

+ bs 5 E sa) x GQ ape o x) | (8x, —2 82)’ 
eee Yee ae E 5 (By — a Bayern |. 


The general term is 


ajn afa sani) "(a — 829-9 |, 


where « may have any value + f and f may have any value < wm, m having any value > 0 but 
n. Thus 


Om—1 yn «x of. (o) 5 , 8 (B—o) 
m o= X5 XQ. Zm) D Ars BD) (2% m— Xm 92) 
m 


— y: yem- y^ « [A ofa (a) Sa ^ Sa (8—9) 
(a00 ^ (5)0 (m)1 (1 a Sq(B--D (Sdm — A, 52) ° 
More generally still, let i 


oe (E, Liy Why aves MD, as hy iad Bw, sory s e d oum), 
(29) O= fg (t, 2,, 21, ..., 2499, 25, 25; 06s, MOU, us yy Lys one BOHM), 
Qe f, (m, 0, 2j; snes MOD, Wh, Ch 0.6) PIN Rei alem, n) 
be any m original differential equations between any n functions x, ..., #, of an independent 
variable x; and let them be combined with the n following supplemental differential equations 
between the same functions and m multipliers À,, ..., Àm: 
alg mn 1 f of, |.» 
Ox ^ e, - (à 3 T.er(—1)9a ^ Seen, 
3$ not 
EE (y May j Bf, yen 
un Tos (2) eb Dom s 
UN ooo DNA aee indie: 
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2] XIV. CALCULUS OF PRINCIPAL RELATIONS 363 
Then 
(31) Ay (6f, — f182) + ... +Am (Ofm —fin 92) 


is an exact derived function, or total differential coefficient, namely the differential coefficient 
of the expression ÈL; x ;, in which 


; à 5 +) ; 
(32) N am Nd (Ba? — atia +(—1) (vas) (Bm, — 2,82), 
and 
à 8f, VO i 
(039) — Lum Noris e a2) - e D (nas) Gneci 


and hence, by integration,* 


(34)./,0m XE. Ee ^. ro 


f, \™ 
(990 "(90 (u)1 bi [C- 0" (s F ) (8a, — xp òx) E- 


© Sa B-- 
Òf ua 


(a) 
EA ( "m 1) (vega) (8a, iu a,3a)@-»} i 
(Feb. 19%.) : 


So far the Calculus of Variations conducts. But, proceeding to the Calculus of Principal 
Relations, it may be shown that the auxiliary or supplementary system of differential equations 
(30) conducts to a principal integral of the original system (29) of the formt 


(35) o= p (^ * Ti» AO xu ra 23, bel oe tiny Wiss Ta? ern Gee) 
8j 0, ,0,,...., a 09, Dg fg, oo, Opi D, Lu, Oy), der... eee 
w, being the greatest exponent of the series w1, 1, « 1, ..., @m,1, or more precisely an exponent 
of that series not less than any other exponent of the same series; w, being an exponent similarly 
selected from the series « 5, € », ..., ®m,2, and so on. Hence, taking the variation of the prin- 
cipal integral (35), we find 
ôF ôF ôF èF ipn 
= "d E eee a E 4 a, —1) eee Tw. eee ray aN: wn—1) 
(36) 0 = ôx -+ Bz, 024 - ... = 5 fon Om 17D 4L. 4 Br, 8%, +...+ Salon gor% 
SF ôF SF SF oF 
hs. AS LL —. Sgen Jue" LL anon). 
ur ai ha Baa METTE Om 170.4... * 3a, ba, +... + Bajos D On 1); 


and the fundamental theorem of the Calculus of Principal Relations, for the integration of total 
differential equations, is that the coefficients of this last variation are proportional to the 
coefficients of the formula (34), or that 


£d 8f, , V9 
Wu y 1 m n a , , "A; 
(3) 8P =A 2o Es Zw Zol D) dpi d (Sa, — x 8a: 8-9 


9f, a V9 : yf 
it. (s. xis) (Sa, -as 8a) | j 
We have also, by the Calculus of Variations , 

(38) (Sar, — 2/8289 = 8248-9 — 248-0 Soy, 


* [As us fos and Àu, a» Su,q are the final and initial values of à, Jae] 
T. See subsequent investigations of these pages, respecting the general existence of this relation. 
46-2 
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and 
(39) (8a, — a! Sa) B- = Sah- — (8-0 Sa; 


so that the fundamental theorem of the Calculus of Principal Relations may be thus written: 


wy n 8f, a \ 
ôP = AXE vo DIN T Ew o | Aye n) (828-9 — a(8-o-*D 8a) 


(40) 


f, a \™ NE H 
is (iin) (Baf-9 — aff nba). 


[The case of one total differential equation of the first order resumed. | 
[3.] As an example of the application of this fundamental formula of the Calculus of 


Principal Relations, let m — 1, c , — «4 4 — ... =w1 n= 1l. Then 0, "71, B=0, «=0, p=1, and 
the formula (40) becomes 

(41) ôF =E% fà, f- Be 2 (Ox, — x; da) E. d 
and resolves itself into the 2n + 2 separate equations following: 

ôF R^ ee: 9f... oF 9f, 

(42) i» 1 —M,, Xi (s "Sx z), a, 1,2 E 9 9909 Sen 1 Soi? 

and 
Okaka Pe f, a OF a. fia 

(43) E: Y a 61 (a; 8a; | , $a, a "ve $a, Mia 8a; id 
In this example there is only one original differential equation of the form 

(44) 0— f, (z, 21; zi, Ta, Z5, diis Tn» En) fas; 
and the » supplementary differential equations are of the form 

e f, ofi, 2. |; 
(45) 0= Ay, x 52, ~ (ue gi)» - , 0= Agar ZA Ate c; , 


they may also be thus written, 
us (2) fs - (He) f. eal 


(46) Ans 89, xp) _ ‘br, Vx; ura 9m, \ da, 
: Az fis fiz Mops ue 
bay àv; àv, 

and they give in Ye n—1supplementary differential equations of the second order between 
the n functions 2, ..., z,. If we join to these the equation 

(47) 0=fie 
which is the differential coefficient of the original equation, we shall have n equations of the 
second order between the n functions z, , ..., z,, which can thus in general be found in terms of 


the final and initial values of the variable x and of the 2n initial data or constants a, a4, dg, a5, 
., An, &,. But these initial constants are not all arbitrary and independent, being connected 
by the given integral relation 


(48) 02 f, 4s 
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We may therefore in general conceive the n constants a, aj, ..., a), eliminated by this relation 
(48) between the n expressions of x,, £a, ..., ,, and thus a relation obtained of the form 
(49) O= F(x, 2, 25, ..., Lys 0, 04, Go, +005 G4); 


which is in this example the principal integral relation between the n functions x,, ..., Xn, or 
the principal integral of the original differential equation (44). 


The n + 1 equations (42) give, by elimination of AX, ,, the n pen following: 


ÒF fi z oF (fas SF, TM 
m bad 7 zi * a, -Fn (e e). OW x, ^ 1 (z 2) 


and if between the » equations (50) and the original differential equation (44) we eliminate 


$1, ..., Zp, We obtain a partial differential equation of the first order, of the form 
dF $F SF 
(51) 0= d E "AR 


which the function F must satisfy. In like manner, the n + 1 equations (43) give, by elimination 
of AX, a» 


OF, TM OF fs t Fa . 
E ones de IG da. EAC hs, v a bal, * Sa, ja Et (a mae 


and if between these and equation (48) we eliminate a , ...a/,, we find this other partial differen- 
tial equation of the first order 


oF oF oF 


(53) 0- -¥ (F Sa,’ caja sa, 


which the function F must satisfy. In these two partial differential equations the form of V is 
the same and is homogeneous of dimension 0 with respect to the »--1 partial differential 
coefficients, final or initial, of the function P: so that in the notation of derived functions 


&F (SF\ SF „p (3F „èE y (F 

(54) o- xv (32) ET (i) += VES (i): 
and 

BF yy, (SF) | 8F yy, (F , BF wy, (èF 

e mod (5a) + sa Y (inj) +t sa Y (ba) 


The » equations (52) and equation (49) are equivalent by (53) only to n distinct equations; 
but these are in general sufficient, when the form of F is known, to determine the forms of the 
n functions 2, ..., z, in terms of the independent variable x, its assumed initial value a and 
any 2n — 1 of the 2n initial data a, , a; , a, a5, ...,@,,4,, which are themselves connected by the 
one equation (48). The system (49)-(52) is therefore a form for the complete integral of the 
system of the original differential equation (44) and the » — 1 supplementary differential equa- 
tions deduced by elimination from (45), and this integration of a system of several total differ- 
ential equations, by means of one principal integral relation, is the chief use of such principal 
relations and the reason for giving them that name. 
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366 XIV. CALCULUS OF PRINCIPAL RELATIONS [3 
We have, by differentiating the principal integral relation, 


Ulo oF ôF, 
(56) semen: "us RISUS E 
so that if we put, for abbreviation, 
Á BP QBP o MP _, BF 
e LIN Bae finn de Pyeng Gare, 
we shall have 
(58) 0— 1-4 z[f - ... HE tn. 
At the same time, by (50), 
Ofus _ yn (rus fus Tu 
(59) ' Sa t 21 (s Sax! | , P Sa’ "4 —t nC v Sa) m . 
The variation of (58) gives 
(60) List 4- ... - 2, 80, = — 1,02, — ... —1,02,. 
Therefore by (59) 
,Uf, 37.8 ô 
(0) — 9 +.: +27, Bly) Zb (27 ua) = fure VIN fiie; 
_ ues, Sue _ Sues, . 
=: Sx òx E da, — m" 82, 82,3 
but also èF ôF 
i i ZA Me UM 
(62) a, 0t, ++. +p Sty — 218 e +2 ary 
bau ox 
8F\-1( dF x! éF ul ôF 
-(u) (ttr 
therefore _ 
(.9F ôF 2i ôF (hey 
RD PF sma 2) ap, (ar Mir 
9f, fi. n » 
dE EAE EE See 


Comparing this with the variation of the partial differential dii (61), that is, with the 
following formula: 


, (OF\ dF LL (SF \ .6F , (SF )\ OE 
(9%) Ai (ss Joe T SE VA (i -J^- 
| +P" (z) 8x 4- Y" (2,) 824 +... - Y" (£n) dx, 
we find 
, (SF py for ,(9F , (èF 
(65) y (i J- a (s. =): iii - (s) - "m (5). 
(66) y” (2) e =" (@ EA P Y (cy) an VE" (x I 
and r 
oF oF of, e 1 a) 
(67) LR FE rinde: 2) Bn (t =): 


The equations (65) agree evidently with (54) and (56). 


www.rcin.org.pl 


3] XIV. CALCULUS OF PRINCIPAL RELATIONS 367 


Let F +AF be a function nearly equal to F, and let it be substituted instead of F in the 
partial differential equation (51) and the result developed by Taylor's theorem as far as the 
first powers of the coefficients of the small function AF. We get 

dF SAF èF AF dF SAF 
(68) od ee EE t CD a ie tn) =Y +AF=AY 
_y (se) um , (s) et "m (us 
da} dx Sx) da an) oa,” 
that is, by (65), 


^ oF SAF t SATA Gs oF SAP. 
and therefore 
8Fy 
(70) AF- Í fy (:)] AW da. 


And if we choose that F and AF shall vanish when x —a (which we are always at liberty to do), 
we may then take a and g for the limits of the integration and write 


AF- -[ Iv a ) j Aae. 


This theorem is very important in the Calculus of Principal Relations for it enables us theoretic- 
ally to express and often practically to calculate the small correction of an approximate form 
F -- AF —0 for the principal relation (40) by means of a definite integral.* 


The important equations (65) might have been obtained more simply by observing that 


(71) 


(72) 07 d, 3, P - 3d, F od (5804 5° Ba +. +5 Bt) 
èF èF èF 
oF oF SF oF ôF oF 
=d" —— O2 +.. +d “Vins digest, t Nc RN .dz, , 
that is, 
Ff oF | x! SF ([8F ôF oF' 
(3) O=B tad +... +r (s) ss- (5) S (n) Sa, 


Comparing this with (64) we find not only equations (65) but also 
SF ôF èF èF 
4 5 = — | — ^ , dis. Bde ef ROS 
(74) Y" (a) (5: )v (5: ) Y" (z,) = (i) Y (a) AH 


8F',,(9F 
Y 6)-- (s) Y ($e): 
With respect to the logic of (72), we may observe that x, 2, , ..., z,, are not all arbitrary when 


d, Ay, -.., &,, are given but are then connected by the principal integral relation F =0, if the 
functions 2, ..., z, are to satisfy the original differential equation and the principal supple- 


equations simpler than (66) and (67). 


* [This method of approximating to the principal function is exactly the same as Hamilton used in the Second 
Essay on Dynamics. Cf. equation (F), p. 170.] 
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mentary equations assigned above. But, consistently with these differential equations and 
data, we may vary z, x,, ..., X, provided that we make the variations satisfy the equation 


oF ,9F SF 
(75) 0=8,F =~ bc jc eto ty, ns 
omitting squares and products of the variations. At the same time 21, ..., 7, will in general 


vary but must satisfy (among others) the following equation, deduced by differentiation 
from (75), 


(76) 0- E (a, — 2 0x) 4- ... Nd = (By anie) 
- (= ) (Br, 420k Bie) 4+, + (= =) (Bus, — 2! 8x) 
1 


^a (Sa, — 21082) 4- ... 24 (8v; — a), 82) 


-(z) eee) 02, 4- .. (s) oz, PEL pred HM 
n 


à 8 ò Oz, 
and also the following, deduced by variation from (56), 
SF ôF i ôF èF òF 
(77) Qz rm brcvi "MER "FT, WP ae Wy pte we 4 "ba. ne 


Comparing therefore (76) and (77) we find that we can eliminate between these two equations 
all the n variations 92, ..., óz,, and that the equation (73) results. 


[T'wo or more differential equations of the first order.] 


[4.] As another example of the application of the formulae (29)-(40), let there be two 
original differential equations of the first order 
Wi 9, Ce Rhy Egy 155 Bal Se), 
=f. (2} Bes Cre as Car. ices Vans Meads 


so that now m= 2, w, , — 1, B=0, «=0, and equation (40) becomes 


(79) oF- Mats s ee 7 (8a, —Z ,92)— An, a fee (5a, aj). 


(78) 


It resolves itself into 2n + 2 separate incl 
Mus SF of, SF Su, 
(80) È z -ÀX Xa (. zT, ^ al Ba, Mn (t ELLE Bs, ni m , 
and 
SF i Sie of, SF of, 
(81) ÈE - AER Zi; (on Ju x Lig, Ms (7). -— Xs). 


(Feb. 20th.) 
The supplementary differential equations are now 


aM. a of, o Òf, f, ez! 
(82) 07 Xi [A gee Ed l, oe m Pod nage (Mie e) t 
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They are n in number but they involve 2 unknown multipliers À; +, À, , and their first differential 


coefficients A; +, A; z- They may be differentiated any number ? of times, and thus we may obtain 
in new equations of the form 


9f," Sfr" UM 9f," 
oes Dens) ~ Periit) Ji O= Ronnie) enit] 


FREE RR RERRRESRERSRERRSRSRSRSRSRETSRSTESTS257TS92929949999942999W89*"REF*"R**eN*sts5sstsstoctomnsssssssttsttswsstststnstwswts |] ES 


(83 9f, a \ © 8f, z \ +) 
(83) o= 3h (Ane 57) um -d pa 


8f, VO of, , +D 
Rave) (reac) } 
but these involve the 2i additional differential coefficients A, ,, A5 ,, ..., APTP, AFLP. If we take 
i>0, then n+in will be greater than 3+ 27 (n being supposed greater than 2), and then by 
eliminating the 3 2i ratios of the 4+ 2i multipliers A, z, Àz, vs Ài, æ» 455; ..., AL EY, AY LY between 
the n + in equations (82) and (83) we shall obtain a number i (n — 2) + n — 3 of resulting differen- 
tial equations of the order i + 2 between the functions 2,, ..., z,. Even if we take i = 0, we shall 
thus have n — 3 equations of the second order between these n functions by eliminating the 3 
ratios of A, A, ,, 41, , À5,, between the n equations (82); but we must join to these another 
equation, which will be of the third order, in order to determine the forms of the » functions 
2,, +++, Zn; and then we shall have two equations of the first order, n — 3 of the second and one 
of the third, giving for the sum of the exponents of the orders 2 x 1 + (n —3) x 2-- 1x 3—2n — 1: 
so that the complete expressions of the n functions z,, ..., x, will involve 2» — 1 independent 
constants and, by eliminating »— 1 of them, we can in general obtain a relation of the form 
(49), which I have called the principal integral relation between the final and initial values of 


the n functions 2, ..., z, and of the independent variable x, namely, 
(49) Om Fs, 2$; sky By fA, By; iee 04). 

Comparing its variation with (79), we find (80) and (81). Any three of equations (82) enable us 
to express T^ in terms of z, 2,, ..., Un» 21, ..., 24; 21, ..., 2,, and therefore we in terms of 
1,2 rut K & 

Q, Ay, ++, Ans A, «++, Ap, 04, -e Ap- Thus the n equations obtained by eliminating À between (81) 

will be n equations between 
ôP BP 
da, 5a, , , " " 
SF’ wees oF’ a, 04, sees An,» 045 eee, An» ais sees an» 
$a. ba 


when this value of ne is substituted. Also the n — 3 supplementary differential equations of the 


second order, combined with the differentials of the two original differential equations (78) of the 
first order and with those two original equations themselves, will give, when referred to initial 
values, 2 — 1 equations between a, a, ..., An, 01, ..., Ap, 01, -... a and two equations between 
a, Ay, ..., An, 01, «+. 0,; S0 that we can in general eliminate the 2» quantities aj, ..., €p, à, ..., a), 
between the n + 1 equations last mentioned and the n equations obtained from (81), and shall 
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thus be conducted in general to a partial differential equation of the form (53), which will be 
subject to the conditions (55). The rigorous equations (65) will also hold and therefore the 
formula of approximation (71), as connected with a partial differential equation of the form (51) 
subject to the condition (54), which may be obtained by eliminating the 2» + 4 quantities 
D , n” Àz z Aa Ass 
Oy Phy oS WP C WS T REIR 
between the n +1 equations (80), the n equations (82), the two equations (78) and the two 
differentials of these. Also the equations (81) or those deduced from them by elimination of A, 
combined if necessary with the equation (49), are forms for the integrals of the system of the 
original and supplementary differential equations of the question. 
As a more general example, let the original differential system be 
(84) 0—f, (x, Ti, ti» Ta, Ta, e, Uns Lp) =fix> ining 0 — f, (v, 21, vi, Ta, V5, ZZ Xn) = Sie’ 


so that the supplementary equations are 


à à , 8 ò , 
(85) 09 Xp DE NECS | es 002. {aye ge (e) l 

If n x 2m, we can eliminate the 2m — 1 ratios of the 2m functions À, , and X, , between these n 
supplementary equations; and so obtain n — 2m + 1 equations of the second order between the 
n functions 2, , ..., z, , to be combined with the m original equations (84). There will then remain 
m — l equations to be assigned between the same n functions, and these will be of the third 
order and will be had by elimination from any 2m — 1 ofthe » equations obtained by differentiat- 
ing (85). And the sum of the exponents of the orders of the » equations between the » functions 
25, ..., L, Will be m x 1--m — 2m -- 1x 2--m—1x 3-2n — 1; so that we shall still have a principal 
integral relation of the form (49) and its variation will be of the form 


(86) BF = AD EA. us = (82, — 2/82) — Ac Ter (a, — joa). 
Hence ; 
SF IF a of, 
(8). S = - AX Ea (gn). i (An ees 
SF Ofa 
Br, Ani o x. 
and 
SF EN OF | QA 
(88) Sq ^ Mini X1 (s. a Far’ aJ. Ai. -ÀX (s. > eee, 


Òf, a 
ST Ms Ed 
If we eliminate the 2m + 2n quantities 

Xo x Lugo AL Àz z N i , , " " 

A, "wi Aus res eT M! Ni ars. Du, Ups asthe 
between the n + 1 equations (87), the m+n equations (84), (85) and the m differentials of (84), 
we are in general conducted to a partial differential equation of the form (51); and an analogous 
elimination conducts to another partial differential equation (53)—together with conclusions 
similar to those drawn in pages 364—368. In particular, the equations (88), when the form of F 
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is known, will give the complete integrals of the system of the n differential equations between 
the n functions a, ..., En- 

If n < 2m but 2n x 3m, we can then eliminate the 3m — 1 ratios of A, z> Az : Aj, , between the 
n equations (85) and their n differentials, and so obtain 2n — 3m + 1 equations of the third order 
between the functions z, , ..., 2, , to be combined with the m original equations of the first order 
and with 2m —" — 1 equations of the fourth order (observing that 2m —n — 1 < n — m, because 
2n + 1» 3m and therefore 2m --  — (2n + 1) « 2m +n — 3m). Thus the sum of the exponents of 
the orders is (m x 1) 4- (2n — 3m + 1 x 3) - (2m --n — 1 x 4) 2 2n — 1. In this case, therefore, as in 
the last, we are conducted to a principal integral of the form (49) and to conclusions altogether 
similar. 

In general the n equations (85) and their in differentials as far as the ith order contain 


(i -- 2) m — 1 ratios of A, ,, X, z» ..., AUS”, and 
n+in—(t+2)m+1l=n(i+1)—m(t+2)+l=n—2m+1+7(n—m). 
If i be the least integer which makes this last remainder >0 and k the corresponding value of 
the remainder, so that 
(89) k=i(n—m)+n—2m+1 
is >0 but +n— m, we shall then have k supplementary equations of order 7+ 2 and n—m—k 
equations of order (i +3), to be combined with the m original differential equations of the first 
order. The sum of the exponents of all these n differential equations between the n functions 
Ly, +++) t, 18 therefore 
(m x 1)+(kxi+2)+ (n—m—kxi+3)=n(i+3)—m(i+2)—k=2n-1; 
conclusions therefore follow in general of the same kind as those deduced for the particular 
cases above. 


i is the least integer which makes n (i + 1) 4 m (i+ 2), that is, Z + a, or 
. (90) ee oe a 
n—m 
Therefore 2 is the next less integer to 
m number of original differential equations 
m—m number of supplementary differential equations’ 
the supplementary differential equations being between the n functions z, , £a, ..., x, only and 


not involving the multipliers À, , nor their differential coefficients, which are supposed to have 
been eliminated. And k— (i4- 1) (n —m) — m 4- 1. 
Thus, let » — 10 and let m — 1, 2, ..., 9 successively. We shall have 


n—m—k [Original equations Supplementary equations 


—Ó—M—————[Ó————————— ÉS——————————————— FÉBÉ—————————————————————————— 


1 of Ist order 9 of 2nd order 


Sum of exponents 


14-9.2 =19 
24-7.24-1.3—19 
3--5.24-2.3—19 
44-3.24-3.3—19 
5+1.2+4.3=19 
64-3.3--1.4—19 
74-3.4 =19 
8+1.5+1.6=19 
941.10 =19 - 


a 


3 


1 of 3rd order 


»» »» 9 


7 , 

5 »2 

3 LET ,» ” , 3 LE ” 9 
1 ,4 

3 , 1 99 4th 9 


or or PR WONKO 


s9 5th y» 29 1 » 6th » 


«o 00 -1 0: GU i WH 
cocwnhdr COCCSCSO 
M M 0202-020 1 © 
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[Differential equations of order higher than the first.] 
[5.] If the original differential system be of the second order, 
(91) 0 fiL fi, Ty, 31, eee Gas Ons Ta) ner O finn cp = un (Oo 04510103 9022 Una Suis Da), 
then the » supplementary Sob d Od Ay n original functions 2, ..., x, and the m 
supplementary functions 2, ,, ..., Àm, are 


hr ord Ocala. ns 
jo nas - (E) + (Bue M jene 


(92) P ERA 
With these we may join their derived equations up to any order 7, 

(93) 0—0,,29, 57... 220, 5; 4, 0 OP, m of n a 
and if we take 7 large enough, it will always be possible to eliminate between these n + in equa- 
tions (92), (93) the m (i + 3) — 1 ratios of the m (i + 3) functions A, z» X, ;, +++ VON and so to get 
a number £ of equations of the order (i + 4) between the n functions 2,, ..., v,, where 


(94) k=n(t+1)—m(t+3)+1=(n—m) (t+3)—2n+1. -— 
Let i be the least integer which makes k positive, so that 7 is the least integer which gives 
(95) i-34- u.s 

—m' 


2m 
that is, 7+ 2 is the next less integer toz "i 7 is the next less eta Pin ——— 5, Then 


(96) pig. ktn-—m, 
and the supplementary » — m equations between the functions z, ..., x,, will be & of the order 
i+ 4 and n—m-—k of the order i + 5. The total sum of exponents will be 

(97) (m .2)-4- (k .i4- 4) - (n m — k .i4- 5) 2 n (i -- 5) — m (i -- 3) - k— 4n — 1. 
This therefore will be the total number of independent and arbitrary constants (besides a) in 
the expressions of the n functions z, ..., z,, and only the same constants will enter into the 
n expressions of zi, ..., z,. Eliminating therefore 2n — 1 constants between the 2n expressions 
of £i, ..., Ens 21, ..., 2,, we shall in general obtain a principal integral relation of the form 


, , , , t + 
(98) Qs Fi (x, Tis Tis Ta, Xo, wees Ln» Tn» a, ay; ay, O5, As, eens Qs à, )- 


If the original differential system be of order w, 


0f, = fy (ai Shy Reh, Mois Vus 789, Dos meos diede) 
(08)- cdi orons 
D se Fact Aat Baes C LAE ONE gsi A ME Dae atin Ts 
then the n supplementary equations are 
à à à (w) 
0= Xi Da du (e) ss e d |= Tr 
(0 "DEA, 


of of , Sfi a j^ 
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to which we may join i» equations of the form (93), making in all » (i+ 1) supplementary equa- 
tions between the m (i+w + 1) — 1 ratios of the m (i+w + 1) functions Aya» Ayes oA. Let 
îi be the least integer which makes 


(101) i4o41£—2- 
n-m 

and therefore 

(102) n (i 4- 1) & m (i4 c) 4-1). 
Putting | 

(103) k=n(i+1)—m(i+w+1)4+1, 
we have 

(104) k>0, ktn—m; 


we have also m original equations of the wth order, k supplementary of order i + 2w and n — m — k 
of order t+ 2w + 1 between 2,, 25, ..., Zp. The sum of all the exponents of these n equations is 


(105) (m.w)+(k.i+2w)+(n—m—k.t+2w+1) 
=n (t+ 2c 4-1) —m (6 4- e 4- 1) k 5 2n — 1. 
This therefore is the total number of independent constants in the expressions of z,, xj, ..., 
L{P—Y, Xo, Ly, ..., LJP, ..., Eny Tna +++, XY, and by eliminating wn — 1 of the constants we can 
deduce finally a principal integral relation of the form 


4 wl 4 w—1 , af 
tied 99695. or auo ip CBE 
(Feb. 2374.) 
Let there be one original differential equation of the form 
(107) Om are, um A. Ses reg EO) um rar. CEM) ES. 


The supplementary equations are then 
2 D 8 (w) 
of -(a x) : «cmm i) —017; 


we s x, 
üoB) - ^ 1 ee | 
of af di m = 
TE (oz) +- AV pra (i Fon, 


We shall suppose w; & 1, wg € wy, ..., Wn € €, ,. The n+ 1 equations (107) and (108), which may 
be written for abridgment thus 

(109) 0=f, 0=0;, ..., 0—0,, 
may be joined with the (n + 1) w, — X» derived equations following: 

(110) 0—f', ..,, O=f@W, 0— o1, ... 0— o(mm-99, ..., 0—0/ 4, ..., O= alent on), 
and with these other (n + 1) i derived equations | 

(111) O=fOntD, ..., O= fon, O= ofn, ,,,, O= (mm), nn, 

= ny ont), .,,, O = glor ont) 0 — o7 , ..., off. 
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Thus we shall have in all (n+1)(1+w,+%)—Xw equations between the w,+7% ratios of 
X Nonti 


rts the independent variable x, the 1 + «, +w; +i functions 2, , 2, ..., z[?»*«r*), the 
l+w,+w,+% functions 2, La, ..., a&»te»*?, ..., and finally the 1+2w,+7% functions 
Ly, Zh, ..., e2nt9, The number of these latter functions, when we leave out z,, ti, ..., 


g(emt9*9, ig (m — 1) (12- c, - 1) 3--Z — w; and, when added to the number c4, t ? of ratios of 
A 
~ &c. it gives n (1 +w, -- 2) -- Zo — e, — 1, which will be less than the number 


A 
(n+1)(1+, 4- 2) — Zio 
of equations provided that 


(112) - . i—2Xwo—o,—o,—2-4k, k»0. 
When i is taken sufficiently large to satisfy this condition, we shall have, by elimination, k 
equations between 2, z,, 2, ..., v(?3e-?*9: we shall therefore have one equation between 


©, 24, 91, ..., (239-0, of which differential equation the integral will contain 22x» — 1 arbitrary 
constants. These will be the only constants which will enter into the complete expressions of 


the n functions z;, ..., x, and of all their differential coefficients. They can therefore in general 
be eliminated between the 22» expressions 
UM PX L 1) 
Tis 23; ee | mins D, Ta, 2$; *5 qon D, ees Uns Xn; eres aam D, 
T oka , ~ 
Gy) a4; La afta fag LS wm, 0, apices ae 


and thus à principal integral relation obtained of the form 


(113) o=F H Oe ARM acil a REA en vt 
Cs 6, , eo V 1504015 5... 041 cu, aq 
Let there be an original differential system 
0 ef, (20s 01s SEPP, Sao poer EPI i) aar a em) em f. 
(14) 4 wees 
0 fu (m, Bi Eiee BID, p, p, eos CEM, sees Mar as c ORT) Une) 


which is to be combined with the supplementary system 
(w) 
TEE (nih) ud (- 1j (s a) 
1 


Sa Safe 


exile (Blt) ont (— Ue (elm " = ene 


HE O5 dee obe 
ET T X NAMENS 
Jr, T rin (n 13g JJ road ph (s 
Tee 
fm fy, Òf m 
dy (ilo) etn eges) mte 
Let it still be supposed that 
(116) w € l, we Fwy, +++, 0,4 0,44. 
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The equation o; , — 0 contains 


, , , , « 
A, A; eves AL, eee, ASi Na» cers AY, di; Tis eee, spe), Yo, 24; LEE gíorto», eee «X. Xs eee, giorton): 


T^r 
the equation o, , — 0 contains 
MINI SAP, 1 Ages Mas e NES, CLs a Whey Das 5L, DEM, Lom, m, avn, adit 
and so on for the remaining n — 2 equations of (115). Hence the equations 0 = ofr =), 0 = opr), 
&c., contain each the same things as o, , — 0; and by taking 7 large enough we can in general 
eliminate the m (1-- c, -?) — 1 ratios of A, Aj, ..., Afen*9, ..., Ams An» +++, An*? and also the 
(n—1)(14o,4-3)—Xw- —«o, functions x, ..., rent), ..., x, ..., cnt, being in all 
(n+m—1)(1+m,+1)+2w—w,—1 things, between the (n +m) (1+w,,+%)—Xw equations 
0=f,2=fie= en m en, 0=f227fo,c= tee = fier, 13d UL LLL bs AE mm 
(117) 1020,,—01,,7—...—0(u 1*9, 0—0, ,—05 ,—... = ofr rt, ,,,, 
| 0—0,,,—04,,7 ...—00,, 
and thus obtain w, +, +i + 2 — 2X equations between z, 2, , 2 , ..., v (&*^*»*?, If then we take 
(118) t= 22 — w — w,- 1, 
we shall have one differential equation of the order 2X» — 1 to determine the function x, and 
thus we are conducted as before to a principal integral relation of the form (113).* 


Thus, from the system of the m 4- » equations (114), (115), we can deduce by differentiation 
(m+n) (22i. — c, — 1) — Zo other equations and then by elimination transform the system of 
all these (m + n) (222 — w) — Zw equations into a system of the following form: 


(119) qp (330—0 — d (a, £y, Xi, ..., (22072); 
(120) X= do o (X, 23, Lj, ++; gom 9. «a n= Pn, o (F, $5 e, eru OE): 
(121) à =A PLi (2, 2,, 2; ..., c(220-2); 
(122) Me Mis a 2i... SHPO), «005 AL mR Ao 2, oes SI); 
t$ hg a (m. 24s 2009 TED), uuu, a Perro e de estos 1 (5 Ly, s DETON), 

(123) ]...... | 

NE (E, 2, seas BOB), i, m teta ed, ieu ua (83, s ftt) 
(124) 178), (7, 2m, ++, B=), ..., Aftzo7o79 = x hy 22w- Ub Bes sse B®); 


(125) [ 5735s, Tis +e g {22e-2)), -sis Ajffzo-o-D = Aj s 3wa- (x, Bis eia g (330-2), 


Xn =À fm, 1 (2, tis +++, DEED odas Va Ni Yin, g10—,1 (£, 2,, ..., zf2o7?) 
Now the equations (123) ought to be deducible by differentiation from (119) and (120); the 
equations (124) from (119) and (121); and the equations (125) from (119), (121) and (122).* 


[Particular cases treated in greater detail. | 


[6.] To illustrate this point let us consider some less general cases, and first let m= 1, c, = 1 
(and therefore Xx» — n), so that we have the case of equation (1), page 358. Thus for (114) and 
(115) we have now the n + 1 equations (1) and (7), 


(126) 0=f, 0=0,=0,=...=0,; 
* Consult p. 384. 
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to which we are to join these other 25»? — » — 2 derived equations 


(127) Q—f'2.. —fün-9, Qoo =.. m o(!1-9, ..., 0o] —.. e g-9, 
Then by elimination we are to deduce the » + 1 equations 
(128) DADE (a, a, 25, ..., DOTA), 
(129) a= dg o (t, ..., TH"), ..., 2, — nn (0, ..., c(1n-9), 
(130) A =p, (e, ..., 22"), 
and these other 25? — n — 2 equations 
| t3 X $21 (x, v ppm, ja agn-) T $o, 2n—1 (x, Sen) gr, 
(181) ^ Rese 
: Ln m $51 (x, "eng gpm-, dir g,mn-0— $n, 2n—1 (x, "ES wir), 
(132) - A* zy, (a, ..., c879),...., AMPH — Athy, 9 (a, ..., (0-9). 


[6 


The equations (131) ought to be deducible by differentiation from the equations (128) and 


(129), and the equations (132) from (128) and (130).* 
To particularise still further, let » — 2. We have then the three equations 


(133) 0—f(z,2,,2,,25,25)—f, O= AsAT (522) = o=% -až 


, 
; = 092, 


ÒT 


ZA Sza 


and the four derived equations 


(134) =f =f", 0—oi, 0—0;, 
in which 
9f èf of e P. uo. 
(135) f uu 7M tt Bal por s du 7X25 
and 
CM RE hes a e o of o. 
(39) Et m aa at Ut atti 
e !2 e Hp; f EN ò? E 
tgo tt T at eee af t 
OF Th, 8j. o s aH os, 
Ha a aram at aaa RE 
Ta P o?f o?f ng 
u^ 2 + 7 T 
OF ns Sf am, Fn ET 
hey PEt ORE et gas 
Also 
of (FSN y of (8f (8f , of 
inci amal laa) ra Ms e) | p 
and* 
T [at - - (35) }+ +n {Eg 55) vM 
eee 7? 
02, bx} bay óz, bx} 
(138 y 
sie |? | |- p. Sa," 
* See p. 383. 
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(Feb. 24th, 1836.) 


We may simplify these equations by supposing that the original relation between z, 2, , 2}, 
£a, % has been resolved with respect to x, and thus put under the form 


(139) Qm x (z, t1, 21, 25) — 25 — f. 
We shall then have 
òf a a e Ae EEr FG ae Me (32) - 
(040) $7 7 Euh Seen gerbe "> Banat QU | Ben 7°? 
(141) Xo = x (2, 24,2, La) — f + 23; 
> rh a Bx or OX an OX f 
men 727 Sa +e, E ja eg acf t 
M or FE au. *x *x or HAM TE 
VM acini 7 d 7 7 la 77.772 a+ oer, "tk ai Mia 73 7 aca 
ov QU LA. ue. a Lar ARN NAE BOOTLE? M Cm 
t?x5 7 ku Aag Vig ta, Tit guit, Uu 
BRIDE LL , OX, 
T SE 
(145) 0-o,7A 2X +X"; 
2 
therefore | 
"i x) x Ay Bx Bx 
Un) vex nni) ni (Be CA 
that is, 
bia Apoa. RAR Pado yrs BR (0) 0885 y 089g 7 
€: O= 57, babel * mda 8a, ai 1 Bai 17 Sa Sw 
ene Ya a POE , { 8x x) | "od 
ichs omo eX (5%) = (22) e daela) | n 
(149) | o=04=1 (2X EX SEX; 
therefore 
ass. àx|' [(8x|", 8x 5x) | dit Fal 8x ets 
150 0= w SA Dy cay Z2 [ 9X). SX [9X UX of 7X 
k 4 em bay A (zt) (2x) + Sa! (sz d x, 8x; + Sx! dx)’ 
an 


If AOAN A ôx \ oaf 9x x) x) 
151 =- pe c d. Pn es er a I Ph 
as o- (ot + 045%) (rti) a) = a) (ee 


dx / 9x dx x) 
+a (5a) "n 
We can eliminate x, and «3 between the four equations (141), (142), (146) and (151), and thus 


obtain two equations between z, £4, x}, z1, x], X2; namely, the equation (147) between x, 2, , %1, 
HMPII 48 
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21, t, and another equation deduced from (151) between x, x,, x}, £1, £Y, £a. To develope this 


last equation, we have 


(3 (Z) - x zt roe egeat, z 

as) (5%) - EX aa E A att T 

(Ls (5%) - Er is A egi a 

(155) (S) "ales T: ati ni saat ai? 
2 amie + Oa A aia e popa rA sape rd a 
icu te ta; 

therefore 
Sind omi ut "nt Eis ge x st aei Bete,” tit sae i Sax) 
* (sey i iis rrt zi) - 5 (+52 seat) 


ôx Nr AA ôx 
xi +2 x ; 44 +25, gait 


òy SEL òy 
-(j y DP TI iX Mr 


a Bal l Barba dx! 


By 5 ors - 9x "ETE, |... Oy Sx om 
t ao a1 8a, 1X t goi T Pura TAX oria X or Ti Spat) - 


The system of the three equations, (145), (147) and (156), conducts by elimination to expres- 


sions of z1, z, and : as functions of x, x,, zi, z1, which may be thus denoted: 


(157) at = > (x, Ti, 2, 21), 

(158) Ta = po o (Z, Ti, zi, xi), 
A y ^J 

(159) hos (x, Ti, Tis» 2). 


But the system of six equations (141), (142), (144), (145), (148) and (149) gives also three other 
expressions: 


(160) 235—051 (2, 24, 2, 2); 

(161) V5 — Po, » (7, 2,, Tis Ti) 
À” iy 

(162) ^^ (2, wis 23, 2); 


and we wish to show that these last three equations can be deduced by differentiation and 
elimination from the equations (157)-(159), or, which will come to the same thing, that the two 
equations (141), (144) can be deduced from the three (145), (147) and (156). To prove this, we 
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shall show first that (141) can be deduced by differentiation and elimination from (147) and 
(156). Differentiating (147), we find 


2 2 2 
qe) Om erue alt oe atk (Ee X perd ate tel) 


Sada, da? Tit i Sai Gay ! OaQ0m, ! CaN iz Ox dri * da, dx 523 
is (Bebe so i EAA A 

"csi * "sate, \* E te (8%) p 

> eerie a 


and subtracting (156) from this to eliminate xï we have 


(164) 0= L (z$ — x), 
in which the coefficient L is 
(OB By Bx 85» Sèy Bx, x | 
Eia M cia n ES i (cic, in Ru, Titaan i t ay TATL 


*x Op PLU oe er Oe 
"gos (nis) ini g 

Now this process of differentiating (147) and then eliminating x7 by (156)is evidently the process 
to be employed in order to get an equation between z, z, , £i, £i, a, z;, which when combined 
with (147) shall give x, as a function of the form (160); and we now see that this process gives 
x= x, thatis (141), because the coefficient L does not in general vanish. Having thus concluded 
(141), we can conclude also (146) from (147) and (156), and then (145) will enable us to conclude 
(144) also. We have then deduced, as we proposed, the equations (141) and (144), and can 
therefore deduce (142), (148) and (149) from (145), (147) and (156) or from the equivalent 
system (157), (158) and (159); so that this latter system conducts ultimately by differentiation 
and elimination to the system (160)-(162), which was the thing to be proved. (It might be 
useful to consider separately the cases in which the coefficient L, (165), vanishes.) 


The argument may also be thus stated (without A, à’, A”). The original equation (141), being 
combined with the supplementary equation (146), which may be written 


LN By QcR(By Bx By x By, 
166 » un WW X "it ' 
(09) sym his i a) scis) (ae, coa Sada; Sx,5x, s. si) 


and with its own differential (142) and the differential of (166), namely 


DIL IL PE PES IUE, AT, 
(167) vac RS ELT EG MEME d "n ItkSUS 
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gives the two following equations: 


(168) x (x, Ti, 2i, 23) — V (x, Ti, Ti» Ti» Tə), 
ôx X wf xia òx _ òp SE a hai shat x 


These two equations apples give, by misa two wait of the ^ad (157) and (158), 
and reciprocally we may consider these two last equations as conducting to (168) and (169). 
Now the differentia] of (168), when (169) is subtracted from it, gives 


ôx 5 E: 
(170) (5x - 55) 73-6. 
and, since in general 
| ôx , Sp 
(171) ja, T Ba,’ 


we conclude that the equations (168) and (169) give (141) and therefore also (166), (142) and 
(167). The equations therefore of the forms (160) and (161), which result along with (157) and 
(158) by elimination from the four equations (141), (142), (166) and (167), are consequences of 
equations (157) and (158) and can be deduced from them by differentiation and elimination. 
When the original equation is left under the form 
(133) 0 — f (x, Tis 2i, Ta, 25) =f, 
and the supplementary equation (freed from 2) is of the form 


LY) oy) 


ox òx! da, oz. 
(172) ie a BP ree. 21; Xi, £i, Ta, Z3, 25), 
A bay p Sari 529 


the function y being linear with respect to xj and x3, then these two equations, combined with 
the three derived equations 

(173) 0-f', O=f", 0-y, 
will in general enable us to deduce by elimination z7 , Xa, 25, 25, 7 as functions of x, z,, 21, vi 
of the forms (157), (158), (160), (161) and 

(174) v3 = a (4, 2,, 2, 21). 
We may propose to show that equations (160), (161) and (174) can be deduced from (157) and 
(158). We may begin by eliminating x, and x% between the four equations (172), (173), and so 
obtain two equations between z, z,, £i, 41, $1, Za, % to be combined with (133). Then it must 
be shown that if ziv be eliminated between the differentials of the three last mentioned equations 
the two resulting equations will both be satisfied by and will give the equation (172). Elimin- 
ating x between the equations 0 — f", 0 — J/, we find 


5 n à , , " m , " 
(175) or - se = funct (x, 91; Lis 21, Vis Ly, XQ), 
quadratic with respect to xz; also eliminating x, between the equations 0 — f’, 0 — y, we find 
(176) oc p M 3f 2 funct (z, Ti» vi, vi, V; 45); 
2 
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and another equation of the form 
(177) | 0 — funct (x, Ti, vi, vi, vi, Ta, v5) 


will be obtained by eliminating x, from (175) with the help of either 0 = f’ or 0 =}. The equations 
(133), (176) and (177) are the three above alluded to, which give 27 , £a, x as functions of x, v, 
xi, 2". Differentiating them all we should get three new expressions for a!" , x}, x3 as functions 
of the same four quantities x, x, x}, xj. We must show that the two expressions for x, agree 
with each other and that the expressions for 2, x}, x agree with the equation 0 — y. We must 
show therefore that, on eliminating z1, zl" between (133), (176), (177) and their three differen- 
tials, the four resulting equations between z, 2, , £i, 21, Zo, 25, xz are equivalent to 0 — f, 0 — f", 
0 — y. This comes to showing that the two equations 0 — f, 0 — f', combined with the three equa- 
tions (175), (176) and the differential of (176), give by the elimination of xï only the three 
equations 0 — f, 0 —f', 0 —. And this is easily seen to be true. 


(Feb. 25th.) 

We may also present the argument as follows. The system of five equations 

(178) 0f, 0zf' 0zf', 0-2, 0zJ 
may be conceived to determine x7 , £a, 25, c; and xz as functions of x, xı, £i, xj, expressed by 
five equations of the forms (157), (158), (160), (161), (174). If we differentiate these five func- 
tions, making 

(179) dæ; =x dæ, da=aidz, dti =% 


we shall get expressions for the five first differential coefficients 
dz] dx, du, da, kde 


de’ dx’ dx’ du’ dz’ 
If we differentiate in the same way the five equations (178), without that previous elimination 
which would conduct to the five separate expressions (157), (158), (160), (161), (174), we shall 
still obtain five linear equations to determine the same five differential coefficients, namely 


(180) O=df, 0-df', 0-df', 0-dj, 0=dy’; 


and a subsequent elimination between these five linear equations will give these five coefficients. 
In order then to show that the two equations (157), (158) conduct in general to the equations 
(160), (161) and (174), it is necessary and sufficient to show that the equations (178), when 
combined with the three equations 


bs. E i. Af I. 
x j Ei iz dei dx à 
which result from (180) by the elimination of y ae and with (179), conduct to the 
following relations: 
(182) PA eat, TA eat, P eat. 
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Accordingly equations (178), (179) and (181) give 


EA RR M 


Ta 
n " 
den z- p "s e *t) +i (ae) 
and these three grin equations conduct in general to the three relations (182). 
Had we retained the A's we might have argued thus. The equations (133), namely 0= =f 
0=0,, 0=0,, with their four derived equations 
(134) 0—f', 0f" , 0-0, 0=0;, 
may be conceived to conduct, by elimination, to seven separate expressions of the forms (157), 


(158), (160), (161), (174), (159) and (162) for x7, £a, 25, 5, v, e A as functions ¢, $s 9, s 1, 


Qo. 25 92,3; Pr» Pa Of x, 24, £i, 5. If these seven functions had been actually found by performing 
this conceived elimination, we should then be able to deduce by differentiation and substi- 
tution expressions for the following differential coefficients: 
Gath (day: hae, |, dary: dez 
(184) dx’ dx’ daz? dx’ ‘dz’ 
and also for the following ratios: 


LAN  1dA 
provided that we substitute for da, , dxi, dz their values (179) and also make 
(186) dÀ-— X dz. 


Or, instead of thus previously eliminating between the seven equations (133) and (134), we may 
at once differentiate these equations changing dx, dxi, dx, dà to their values (179), (186) and 
then determine the seven ratios (184), (185) by elimination between seven linear equations. 
And of these seven linear equations we need use only the four following: 
df 0- df’ _do, d dug 
dx’ an ae age 
(in combination with (133) and (134)) if we only want to deduce the four ratios 

da, da, da, 1dX 


(187) 0- 


(188) dx’ dx’ dx’ À dæ’ 
and to examine whether they satisfy the equations (182) and also the following: 
1dX A 
Madrid Ade X) 


which four equations are the conditions requisite in order that the equations (160), (161), (174), 
(162) may result from the equations (157), (158), (159). Now the two first equations (187) com- 
bined with the two first equations (134) and with (182) give the two first equations (183), and 
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the two last equations (187) combined with the two last equations (134) and with (182), (189) 
give in like manner the two following equations: 


_do,__, 80, (dz, __,\ _ 80, (dx, 8c, (da óc, (14N X | 
MET" i-i v4) «s (Ge 4) x2 (à t) an "E 
do 8o, [dx 
0-5,3—90,2—|—23—2;| +... 
dz ^? Sa, (z2- ; 


And accordingly these equations (190) combined with the two first equations (183) conduct in 
general, by the ordinary process of elimination between four equations of the first degree, to the 
equations (182) and (189). 


In the case of the system of 2n?—1 equations (126), (127), pages 375, 376, we may seek 
the (n — 1) (2n — 1) differential coefficients 


da, da,  — dag^-9 dx, da!  — dat»-» 


(190) 


(191) ‘dx’ dx’ eens de? LEE] ‘dx’ dx > trey dx 
and the 2» — 3 ratios 
, " (2n—3) 
(192) l1dA'  1dAÀ 1dA 


Adz'Adz' "A da 


by elimination between the 25? — » — 2 equations 


df , af’ | dfen-» ldo, „ldo; _ 1do-9 
(93) 072,-, 02 T, one OA, ORT ORF ais oes OR Fa oes 
ldo, ldo}, M da@n—4) 
ra Wee a dad i ep A W, 


in which we are to substitute the values 


— 9(2n—1 
(194) dax a? , dx = ay ) 
and the value 
TON X 
Adz 2’ 


` and with which we may combine the equations (126) and (127) themselves. In this manner we 
obtain 2n? — n — 2 equations of the first degree of the forms 


(2n —3) 
(195) 0-7 ates — — *(2n— 2 0z  ad- oi), Pe 


à \ dz 
in. doin ana) E. do, J wi. don” o (2n—3) 
o-i( dz —01 y t5 oi os PET o-i( dz — On " 
which give 
dz, |, dagen?) _ ib NL ws dan- iina 
(196) vc» T d = T3 y t5 a aR ..., as zs aid 1 


1AN AX . 1dXÓ-9 Xen- 

dn ake T Xon od 
This shows that the 25? — » — 2 equations (131), (132) result by differentiation and elimination 
from the n k+ 1 equations (128)-(130). 
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In the more general case of the system of (n +m) (23:0 — w) — X» equations (117), which 
may be written (on account of the value (118) of i) 


(197) By 0—fi, ..., O= ffie—m-9, ..., Ofn 0m fh, +e) 0m fS2e—1-D, 
O=¢,, 0—0j, ..., O= gf13079-2, ..., 02g, , 00, ..., O= gm D, 
if we establish the relations 
dz, /., dx da (220-2) 1a, X 


198 —- ——a 
( 9 ) dx 21; dx Tis eeeg dx 


then the following (n +m) (2X«» — w — 1) — X» linear equations between $n &c., namely 


eom 
ostian, aia oe Enak D, Will Go e Lut 
n dfQ3o—-o,-2 — fau) ; 
(199) à ldo,... 3 O — oo) dx 
-5 (qi-«); ees o= (PI — of 1 ) 
t 1 do, ; "s 1 do 23«—0,-04-8) ae A AN 
Om Vg Ao RAS go udi D. 
will give by elimination 
dz, EO ae dagnere mm 23«--03—«0,—1) dz, em ri 
y iniu — i CSS WS Cy Gee, de e T" 
M UNUM aa 
200 di : | 
( ) 1 dn, j xo (o dÀ E E di À {370w L dÀ,, 2 Àm 
Ada UU, dx ‘7 ^ Ai WARUM. 
1 dem» s Nem 
à da Ài 


Therefore the (n +m) (22w —w,—1)— Zw equations (123)-(125) result by differentiation and 
elimination from the n +m equations (119)-(122). 


Thus the system of these n +m equations (119)-(122) is not only a necessary consequence 
of the system of the n+m equations (114), (115) but also, reciprocally, the latter equations 
follow from the former. And the proof of this reciprocity was necessary, in strictness, in order to 
show that the complete expressions of the functions 2,, ..., z, in the equations (114), (115) 
involve so many as 22w — 1 arbitrary constants. For the mere deduction of the system (119), 
(120) (with or without the equations (121), (122)) as a necessary consequence of (114), (115) only 
entitled us to infer that the complete expressions of z, , ..., z, , deduced from this last mentioned 
system, could not contain more than 2X» — 1 arbitrary constants; and left it doubtful whether 
some other combination of the equations of that system might not conduct to some new 
differential equation between x, and x of an order lower than 2X» — 1, in which case the number 
of arbitrary constants would be less than 22: — 1, being always equal to the exponent of the 
lowest order in any given set of total differential equations between a function x, and a variable 
x which are supposed to be mutually compatible. 
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If we include the A’s, then the complete integral of the system of the m +n equations (114), 
(115) will involve in all 22:« arbitrary constants, an additional constant being introduced by 
the integration of the equation (121) or by the circumstance that al! the m multipliers A may be 
together multiplied by any common constant without altering the relations expressed by the 
differential equations. 


What if we had two original equations of the forms 

(201) O=f,(&, £1, Li, Tas La, 25, %3)=f,, 0 m fa (m, m, Li, Ta, Ty, Ty, 25, 23) — fa! 
Could we then apply the same reasoning as in the case of a system of the form (114), in which 
all the equations were of some common order (w; for 2 , wg for x, &c.) for each of the n functions 
though this order might change in passing from one function to another, whereas here the 


first equation is only of the first order with respect to x, while the second is of the second 
order with respect to the same function? 


We have now the case included in the general form (29), in which m —2, n —3, « ,— 1, 
€ 371, 94, 5— l, 99 41— l, 5, 5— l, «$5 — 2. And the supplementary equations (30) become now 


oma, B (S) a 28- (85) La 


15e, oh 50a 28a, \ 2c 
8 à À 8 
(202) o=) gt (s A) 2 (25) — 0$, 
ange A) - x oe ( o za) = 
iis ^ -(a às) ~ EA UE) (s B)? 


If the circumstance of f, not containing v3 be not sufficient to interrupt the application of our 
recent process, we are to consider w =w= 1, «4 — 2, that is, Zio — 4; and we are to form the 
system of 31 equations: 


O=f,, 0f; 0-fi, 0-—fi, 0zfi", 0-fr, 0-ff, 


0—f., 0=fz, , 0=f7', 
(203) 0204, 020j, 0291, 0201, 0 ol", Oz of, 

0.35 gq,, 0.5705; Jal 

Oog OF 0$, ; Om ol, 


Then, if possible, we are to eliminate the 26 quantities 

"TUR CEATA AE CURE 

between the 31 equations (203) and so to obtain a new system of five equations between the 
following 13 quantities 


, 
(204) Los 9$; LESE] a, Üz, eees x1 


Aj As 
(205) d.d. dis Gey okt Te. dta, AD dy’ 
enabling us to express' " 
1 As 
(206) aj", Xe, X3, hy 


as functions of x, 2, , 2, 21, 21 , vi’, £y and æt. We must now endeavour to show that the deduc- 
tion of equations (205) from equations (203), or ultimately from equations (201), (202), is 


HMPII i 49 
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possible; and that, reciprocally, these five equations (201), (202) can be deduced by differentia- 
tion and elimination from (205). 

The equation 0 —/(? involves 
2, 05,2, dias 81 19, Bigs Lar very SET, Wey es ta; NET, 


and the equation 0 — f? involves 


By Biati aoo ME CD, May Ray eed TR Mas Mas re) GE S, 
The equation 0 = c, involves 
9,24, 21, Ti» Ta, Was Say 24; 9$, es as 5 2. - a 
the equation 0 =o, involves 3 a ; 
V, Lis Lis X1, Tas Ty, Tg, Ly, Lgs Lgs Xe, sa “9 
and the equation 0 — c, involves y ; 4 P 
L, Wy, 91, Vis VIs X, Wy, Uy, Xp, Uy, Uy, Uy, Wy, X, x. i Y . 


Hence the equations 0 — oy, 0— o7, 0— ol involve each the quantities 
D " ' , vi 
9,2. 23. os FTU, By, BE, «o. Oley du, ORO MI. A y m A ^ ^ uit iS 
Ay’ Ay A,’ Ay’ Ax Ài 


except that 0= ci* does not involve -+ v Generally the three equations 


XC 
0O=cf), O=cf), 0=0f9 


contain all the same quantities, namely 
X A (949 2A, Agita 


4 (i--3) (i--3) (i+4) 71 
x, di; Tis eeeys Ti > Üa, LAE] Xs » X3; eeeys v3 , 9 eee L] ees , 
^ À CASU 
, aft? I ; i 
except that 0 — oí? does not contain re This last mentioned circumstance, however, does 
1 
ADU 
not hinder us to eliminate +, , xy", xyi between the five equations 0 — fy! —/Y! — oy —oY — oj, 


A^ NAE 

nor does the circumstance that 0 = fT! does not involve xyi. And generally the circumstance that 
some of the 26 things (204) to be eliminated do not appear in some of the 31 equations (203) 
does not hinder us to effect the elimination supposed above, but rather tends to facilitate it. 
Since then the equations (203) contain altogether only the 26 things (204) and the 13 things 
(205) and are in general 31 distinct and independent relations between these 39 things so far as 
elimination 48 concerned (although, with respect to differentiation, only 5 of these relations are 
independent and the 26 others are deduced from them), we can deduce by elimination at least 
five equations between the 13 things (205). 

Indeed, a doubt might be felt whether we could not in general deduce more than five equations 
between these 13 things; or, in other words, whether we could in general return by differentiation 
and elimination from the five equations thus deduced to the system of the 31 equations (203). 
But if we suppose (as, setting aside singular exceptions, we may and ought to do) that for pur- 
poses of elimination the 31 relations (203) are distinct and independent and therefore suffice to 
determine the 31 functions (204), (205), we can conclude that the expressions of the 26 functions 
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(204) result by differentiation and elimination from those of the five functions (206); namely, 
by showing that the following 26 linear equations between d^ , &e., 


o=% et o=% -fy, o=% TOATA a yi, 
x 
(207) o=% gt, m e*t o=% gt, an o=% or, 
do, , doz 
uL tt «tO g O 


conduct by elimination and by supposing 
dx, |, dz yy Ld X 


(208) dete eT eA 
to the following 26 expressions 
dæi iii, day! ET das x! day! M 
=> = 25 ** $73 2 a - gs tte = 3 » 
(209) da dx dx dx 


(Feb. 26%.) 

The five equations (201), (202), 0=/,=f,=0,=0,=03, might be proposed to be integrated 
by five series of the forms 

ti + Ax, =r +2, Ax+ fap Ax?+..., At = x Ax + $a, Au? + 
(210) Az, =x Az + $a, Aa? +..., 
A, + AA, =A, HAAL H gry Aw? +..., AA = AAE H $A, Av? +..., 

by substitution of which series we are to satisfy, independently of Az, the five equations 

(211) O=f,+Af,, 9=f,+Af,, O=0,+Ac,, O=0,+Ac,, 0-0,-A0;, 
that is, 

f =f, +fiAct+hfjAe+..., O=fa+faAx+ 4f Ax? + 
(212) O=0,+0,Ax+ fojAx?+..., O=0,+0,Ax+4+ $0, A? -+ 
| 0=0,+03Ax+ $05 Ax? + 

. It is therefore necessary and, if Ax be small enough to allow the convergence of the three 
developments, it is in general sufficient to satisfy the five indefinite series of conditions: 

(213) sha Om fs; 0= 12,750 f 0 m f, 07, .:.; 

0:0. 02 03,1..,. 0 04, Omg.) 0220,, O04, ...; 

for any one particular value of x in order to satisfy the equations (211) by the developments (210) 
for any near value of x, and so to obtain the five integrals of (211), at least in series. The question, 
“how many arbitrary constants does the system of these five integrals contain ?," is therefore 
reducible to the question, “how many functions of the five following series 

(214) 24,25; Gs 5 yh €, Nyy 0504,35, Vy 71 LRL M; 09, Ag, AQ, AQ, oso 

49-2 
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may have arbitrary values assigned to them, for an assumed particular value of x, so as to 
satisfy all the conditions of the five series (213) ?"' 


The five conditions 

(215) 0=f,, 0—/,, 0—0,, 0O=0,, O=0, 
involve only the 18 functions 

(216) di, zi, a. zi, Ta, Z3, Xp, x9 V3; T3, Z3, xs, zr, A, A, Az, Àz, Àz 
besides the variable x. The six additional conditions 


(217) 0=f;, 0—f1, 0=f2, 0=f2, 0=0;, 0=0; 
involve only one additional function, namely 
(218) : A. 


Thus the 11 conditions (215), (217) involve only the variable x and the 19 functions (216), (218) 
and leave only 8, at most, of these functions arbitrary in value when the value of z is assumed. 
We might have eliminated Aj between the two last of the six conditions (217) and then we should 
have five relations between the 18 functions (216) to combine with the five conditions (215), 
leaving thus only 8, at most, of those functions arbitrary in value for any one assumed value 
of x. Reciprocally, no new relation, deducible from the conditions (213), restricts the number of 
these arbitrary values so as to reduce it to be less than 8. For every new condition or set of 
conditions, taken out of the series (213), introduces a new function or functions which cannot 
in general be eliminated by means of those new conditions. Thus the condition 0 = f? introduces 
the two new functions zl", xi’, the condition 0 =f% introduces zl", wiv, z3 , the condition 0 — o1 
introduces zl", xiy, £y, A7, AZ, the condition 0 = o7 introduces the same five functions as 0 — o1, 
and the condition 0 — c5 introduces zi", zi, ay, A7. These five conditions are indeed sufficient 
to determine, but not in general sufficient to eliminate, the five new functions zl", xiy, zy, A1, AZ 
when the 19 functions (216) and (218) are known. So that the five new conditions 

(219) 02f1, 0=f3, 0201, 0=0;, 020; 
can in general all be satisfied, but only in one way, by choosing suitable values for these five 
new functions 

(220) aiv, al, aq, AY, Af, 
after 8 of the 19 functions (216), (218) have had their values arbitrarily assumed and after the 
remaining 11 values have been determined so as to satisfy the 11 conditions pni (217). In 
like manner, the five new conditions i 

(221) 0-ft*, o- fir, 0- of, 0- of, 0=05 


can be satisfied by one but by only one set of values of the five new functions 
(222) ay, xy, cy, AY, A, 


and so on indefinitely. We may therefore conclude, by this mode of reasoning, that the five 
indefinite series of conditions (213) can all be satisfied together by one set of values of the 
functions (214), of which values eight and only eight are arbitrary after the value of x has been 
assumed. But of these eight arbitrary values, one is introduced by the consideration of 
the two series 


(223) X: Mv Rn Dey igs Ms Meis 
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and only seven belong to the three series 


(224) he 5 Wg as chip Way MG, | 0405 Bigs CANC M 
For if the 11 conditions (215), (217) be distributed into these two new groups 
(225) 0=f,, O=f1, 02/1, 0—f,, 0—/f5, 0—f5 
and 
(226) 02 dy 0205, 0250,, 0:02, 0z20,, 
the six equations of the group (225) contain only the 13 functions 
(227) $1, Tis Tis LI» Ta, 3, Xp, 3, Tg, L3, v, ag, vY, 


besides the variable x which is always understood. They leave therefore only 7 of these 13 values 
arbitrary and the eighth arbitrary value is that of any one of the six functions 

(228) Àr» A, AL, Ags Ag 
of which the five equations of the group (226) determine only the five ratios. 


It is important however to observe that we may not assume any seven of the values of the 
functions (227), although we have only the six equations (225) between them. Thus the first 
equation of this group, namely 0=/,, prevents us from assuming arbitrary values for all the 
functions 2, , 11, £a, 25, Xg, 25, and therefore if the seven arbitrary values contain five of these 
they cannot contain the sixth. With this exception, however, we seem to be at liberty to select 
any seven of the functions (227) because the equation 0 — f, contains the same six functions as 
0 — f, along with the new function xj and because the differentials of these equations contain 
each more than seven different functions. 


When the arbitrary values of some seven of the functions (227) have been assumed (not 
more than five belonging to the group 2,, £i, 25, 25, tg, 3 for the reason just now assigned) and 
when the other six of these functions have been determined by (225), we can then in general 
deduce the values of all the other functions of the series (224), without yet assuming that eighth 
arbitrary constant which is connected with the passage from the ratios to the absolute values 
of the functions (223). For the ratios only, and not the absolute values, of those multiplier- 

functions enter into the conditions (213). 


We see, therefore, in this new way, that the complete expressions for the three functions 
4, La, t9 (deduced from the differential equations (201) and (202) by differential elimination of 
À,, à and by integration) contain in general seven arbitrary constants and no more. We can 
therefore deduce a principal integral relation of the following form between those functions 
and a, x and their initial values a,, a5, dg, &, 45: 

(229) OSE (x, 2,, $4, 25, $5, 4, 04, Ay, Ay, 05). 

Can we generalise the foregoing investigation so as to show, by a similar process, that a 
principal integral relation of the form (35) results from the two systems (29) and (30)? 


In the first place we may observe that when equations of the forms (114) and (115) are given 
they are in number m +n, and they contain, taken altogether, the (n +m) (c, + 1) 4- Ec» func- 
tions following (besides the independent variable 2): 


, " ! 
(230) M "AP PP NP ony Bys Biy aey DO, 


haa Aia A Maton araa ri sey Ni Ao ceto es 
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which functions, however, and no others will (at most) be contained in the following additional 
equations, 
T 0f1,0mf/ a OSE, uui Of OmfLi 529mf£i9, 

mo Ist 020i, ..., O= afm, ..., 020, 4, Om 0 4, ... , Om oat on), 
being in number (n+m)w,—Zw. Thus we have (n+m)(w,+1)—Xw equations between 
(n 4- m) (c, 4- 1) 4- Xm functions and therefore, so far, 22 of these functions remain arbitrary 
in value. Nor will any new derived equations of the forms 

(232) Q — f(em*0, ..., 0 fen, Qo gon mt0, 0 =o fons), ..,, O= of? 
give any new relations between these arbitrary values. They remain therefore ultimately - 
arbitrary and the complete integrals of the m +n differential equations (114), (115) contain in 
general 22: arbitrary constants. But of these only 22» — 1 enter into the expressions of the 
functions 2, , £z, ..., ,, the other being introduced by the circumstance that the m multiplier- 
functions A,, ..., Àn may be multiplied by any arbitrary constant without disturbing the 
relations of the question. 
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